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a b s t r a c t
Let γ = 0.577215 . . . be the Euler–Mascheroni constant, and let Rn = ∑nk=1 1k −
log
(
n+ 12
)
. We prove that for all integers n ≥ 1,
1
24(n+ a)2 ≤ Rn − γ <
1
24(n+ b)2
with the best possible constants
a = 1√
24[−γ + 1− log(3/2)] − 1 = 0.55106 . . . and b =
1
2
.
This refines the result of D.W. DeTemple, who proved that the double inequality holdswith
a = 1 and b = 0.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Euler’s constant was first introduced by Leonhard Euler (1707–1783) in 1734 as
γ = lim
n→∞Dn, where Dn =
n∑
k=1
1
k
− log n.
It is also known as the Euler–Mascheroni constant. Several bounds for Dn − γ have been given in the literature. We recall
some of them:
1
2(n+ 1) < Dn − γ <
1
2(n− 1) for n ≥ 2 ([1]);
1
2(n+ 1) < Dn − γ <
1
2n
for n ≥ 1 ([2,3]);
1− γ
n
≤ Dn − γ < 12n for n ≥ 1 ([4]);
1
2n+ 25
< Dn − γ < 1
2n+ 13
for n ≥ 1 ([5,6]);
1
2n+ 2γ−11−γ
≤ Dn − γ < 1
2n+ 13
for n ≥ 1 ([7,8,5,6]).
E-mail addresses: chenchaoping@sohu.com, chenchaoping@hpu.edu.cn.
0893-9659/$ – see front matter© 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2009.09.005
162 C.-P. Chen / Applied Mathematics Letters 23 (2010) 161–164
The convergence of the sequence Dn to γ is very slow. In 1993, DeTemple [9] studied a modified sequence which
converges faster and proved
1
24(n+ 1)2 < Rn − γ <
1
24n2
, (1)
where
Rn =
n∑
k=1
1
k
− log
(
n+ 1
2
)
.
Now let
H(n) = n2(Rn − γ ), n ≥ 1.
Since
ψ(n+ 1) = −γ +
n∑
k=1
1
k
,
where ψ = Γ ′/Γ is the psi function, we see that
H(n) = (Rn − γ )n2 =
[
ψ(n+ 1)− log
(
n+ 1
2
)]
n2.
Some computer experiments led Vuorinen to conjecture that H(n) increases on the interval [1,∞) from H(1) = −γ +
1 − log(3/2) = 0.0173 . . . to 1/24 = 0.0416 . . .. Karatsuba [10] proved that for all integers n ≥ 1, H(n) < H(n + 1), by
clever use of Stirling formula and Fourier series. Some computer experiments also seem to indicate that [(n + 1)/n]2H(n)
is a decreasing convex function [11]. The author [12] verified that for all integers n ≥ 1, H(n) and [(n + 1/2)/n]2H(n) are
both strictly increasing concave sequences, while [(n+ 1)/n]2H(n) is a strictly decreasing log-convex sequence. Moreover,
the author [12, p.83] obtained the following inequality
Rn − γ < 1
24(n+ 12 )2
, n ≥ 1. (2)
Obviously, the upper in (2) is sharper than one in (1).
In view of the inequalities (1) and (2) it is natural to ask: What is the smallest number a and what is the largest number
b such that the inequality
1
24(n+ a)2 ≤ Rn − γ ≤
1
24(n+ b)2
holds for all integers n ≥ 1 ? The following theorem answers this question.
Theorem. For all integers n ≥ 1, then
1
24(n+ a)2 ≤ Rn − γ <
1
24(n+ b)2 (3)
with the best possible constants
a = 1√
24[−γ + 1− log(3/2)] − 1 = 0.55106 . . . and b =
1
2
.
2. Proof of theorem
Proof. The inequality (3) can be written as
a ≥ 1√
24[ψ(n+ 1)− log(n+ 1/2)] − n > b.
In order to prove (3) we define
f (x) = 1√
24[ψ(x+ 1)− log(x+ 1/2)] − x.
Differentiation yields[
24
(
ψ(x+ 1)− log
(
x+ 1
2
))]3/2
f ′(x) = 12
(
1
x+ 12
− ψ ′(x+ 1)
)
−
[
24
(
ψ(x+ 1)− log
(
x+ 1
2
))]3/2
.
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Now we show that there exists a positive real number x0 such that the function f is strictly decreasing on (x0,∞). In order
to find x0, we consider
12
(
1
x+ 12
− ψ ′(x+ 1)
)
<
[
24
(
ψ(x+ 1)− log
(
x+ 1
2
))]3/2
.
By inequalities [12, p.86]
1
24(x− 12 )2
− 7
960(x− 12 )4
< ψ(x)− log (x− 12 )
and
1
x− 12
− ψ ′(x) < 1
12(x− 12 )3
− 7
240(x− 12 )5
+ 31
1344(x− 12 )7
,
it is sufficient to consider
12
(
1
12(x+ 12 )3
− 7
240(x+ 12 )5
+ 31
1344(x+ 12 )7
)
<
[
24
(
1
24(x+ 12 )2
− 7
960(x+ 12 )4
)]3/2
. (4)
Set u = x+ 12 , (4) become
1− 7
20u2
+ 31
112u4
<
(
1− 7
40u2
)3/2
.
By Bernoulli’s inequality: Let x ≥ −1, then for α < 0 or α > 1, (1+ x)α ≥ 1+ αx, the equal sign holds if and only if x = 0,
we have
1− 21
80u2
<
(
1− 7
40u2
)3/2
.
The inequality
1− 7
20u2
+ 31
112u4
< 1− 21
80u2
holds for u > 1.778557 . . ., and then, f ′(x) < 0 for x > 1.278557 . . .. Straightforward calculation produces f (1) =
0.55106 . . . , f (2) = 0.53308 . . ., thus, the sequence f (n) = 1√24(Rn−γ ) −n (n = 1, 2, . . .) is strictly decreasing. This leads to
lim
n→∞ f (n) < f (n) ≤ f (1) =
1√
24[−γ + 1− log(3/2)] − 1.
It remains to prove that
lim
n→∞ f (n) =
1
2
. (5)
In [12] the limit relation (5) has been proved. The proof is complete. 
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